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Kinetic analysis of the serial reactions of lead
magnesium tungstate ceramics using a multiple

core-shell model

CHUNG-HSIN LU*, JIUN-TING LEE

Department of Chemical Engineering, National Taiwan University, Taipei, Taiwan

The solid-state reaction kinetics of a sequential reaction system were analysed theoretically
and experimentally. For the reactions occurring in series, A+ R—-Band B+ Q- C,

a multiple core-shell diffusion-controlled model has been proposed. The relations between
the consumption fractions of A and B and the reaction time under isothermal conditions
have been quantitatively deduced. The sequential reactions of PbWO, + PbO — Pb,WOs and
Pb,WOs + MgO — Pb(Mg12W1/2)O3 in the formation processes of Pb(Mg+,,W,/2)O3 were
utilized as the model reactions. The unidirectional diffusion of PbO into PbWO, to form
Pb,WOs and that of MgO into Pb,WOs to generate Pb(Mg4,W+,2)O3 were verified by EDS.
The derived equations were confirmed to elucidate accurately the kinetics of the serial
reactions in the Pb(Mg,,W1,2)O3 system. Based on the reaction model, the activation
energy for the diffusion of MgO into Pb(Mg,,W,,)03 was estimated to be 161.7 kJ mol .
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1. Introduction
The reaction kinetics of solid-state particles have re-
ceived much attention in the past few decades [1-9].
Several physical models have been developed for
analysing solid-state reactions based on different
assumptions. In general, these models can be divided
into three categories: (a) the diffusion-controlled mod-
els, (b) the nucleation-controlled models, and (c) the
interface-reaction controlled (phase-boundary) mod-
els. For ceramics and metals, the diffusion-controlled
models are most often utilized to interpret the correla-
tion between the reaction fraction and the reaction
time, because the diffusion of solid-state species is
relatively slower than other steps. Jander [1] estab-
lished the first core—shell model, based on a planar
diffusion assumption to correlate the reaction fraction
with the reaction time elapsed. The core—shell model
based on a three-dimensional diffusion assumption
was introduced by Ginstling and Brounshtein [2].
Carter [3] later corrected this model by introducing
the consideration of the difference in molar volume
between the reactants and products. Although these
models can fairly accurately estimate the reaction frac-
tion for powder reactions under certain assumptions,
they can only analyse the single reaction system. In
other words, the kinetic models for the multiple-step
reactions have not yet been investigated thoroughly.
Electronic ceramics usually consist of a complex
structure containing two or more atoms. Owing to the
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complexity of their structures, the complete formation
of these materials often requires several reaction steps.
In order to control the reaction conditions for obtain-
ing pure compounds with fine microstructures, the
understanding of reaction kinetics is indispensable.
However, the conventional reaction models are no
longer satisfactory for analysing the kinetics in the
multiple solid-state reactions. In response to the con-
cern for solving the above problem, this study was
focused on the kinetics of two-step serial reactions in
the solid-state. A multiple core—shell diffusion-
controlled model was proposed. According to this
model, the kinetic equations were derived for explor-
ing the relations between reaction fraction and reac-
tion time under isothermal conditions.

In order to confirm the validity of the derived kin-
etic equations, the formation processes of lead magne-
sium tungstate, Pb(Mg;,,W,,)O;, were used as the
model reaction system. Pb(Mg;,,W,,)Oj3 is one of the
anti-ferroelectric materials having a complex perov-
skite structure [10]. The Pb(Mg;,,W;,,)O;-based
solid solutions exhibit excellent dielectric properties,
and they have been used for multilayer capacitor ap-
plications [11-14]. According to the previous study
[15], in the formation processes of Pb(Mg;,,W,,)O3,
lead oxide first reacts with tungsten oxide to form lead
tungstate, PboWO,, and subsequently PbWO, reacts
with lead oxide to generate Pb,WOs;. Finally,
Pb,WOj; reacts with MgO to yield Pb(Mg; 2, W,,)Os.
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The derived equations are used to analyse the kinetics
in the serial reactions during the formation processes
Of Pb(Mg1/2W1/2)03.

2. Reaction kinetics

In the system of a sphere, A, thoroughly surrounded
by reactants R and Q, the solid-state reactions are
assumed to occur in series as follows

A+R—-> B (1)
1—x1—x x—y

B+ Q-C (2)
Xx—yl—=yy

x is defined as the consumption fraction of A in
Equation 1, and y is defined as the consumption
fraction of B in Equation 2, which is expressed as the
moles of B consumed in Equation 2 divided by the
moles of original A. For analysing the above system,
a multiple core—shell model for the serial reactions is
proposed as illustrated in Fig. 1. At the initial reaction
stage, R reacts with A to produce the product B, and
a shell section of B is formed around the unreacted
core of A. Once B is formed, Q subsequently reacts
with B to produce another outer shell of C. After C is
generated, R has to diffuse through both product
layers of B and C to reach the surface of the unreacted
A for Reaction 1 to continue progressing. In order to
simplify the analysis processes, R and Q are assumed
to diffuse unidirectionally into A. In other words, the
counterdiffusion of A through the product shells is
neglected. Furthermore, only the planar diffusion pro-
cess is taken into consideration.

In the above serial reactions, multiple diffusion
steps are involved. First we consider the flux of Q into
the product layer C which has a thickness h;. Accord-
ing to Fick’s first law in the plane diffusion, the flux of
Q through C, Fqc, is expressed as

Foc = Dqc(Cqo — Co1)/h1 A3)

where Cqo and Cq, are the concentrations of Q on the
outer surface of the shells of C and B, respectively, and

Figure 1 The multiple core—shell model for the serial reactions.
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Dqc is the diffusion coefficient of Q through the
C layer. Considering the mass balance, the flux of Q is
proportional to the formation rate of the volume of
the C layer. In addition, the formation rate of the
volume of C can be assumed to be proportional to
that of the thickness of C. Then the following equation
can be derived

= mlDQc(CQo - CQI)/hl (4)

where my is a proportional factor. Assume that the
reaction mechanism is controlled by the diffusion pro-
cess, 1.e. the reaction rate is faster than the diffusion
rate. Therefore, all species of Q reaching the surface of
B will quickly react with B and consume part of B,
thereby inducing the concentration of C on the outer
surface of B to be approximately zero (Cq; = 0). On
the condition that the bulk concentration of Q (Cqo) is
constant and D is also constant at the same temper-
ature, from the integration of Equation 4, we obtain

hl = 31[1/2 (Sa)
where
ST = (ZmlDQCCQO)l/Z. (Sb)

The flux of the diffusion of R through B and
C layers (Frc and Fgy) can be expressed as

FRC = DRC(CRO - CRI)/hl (6)
and

FRB = DRB(CRI - CRZ)/(hZ - hl) (7)

where h, is the sum of the thickness of B and C layers,
Dgc and Dgy are the diffusion coefficients of R through
the C and B layers, and Cg,, Cgr;, and Cg, represent
the concentrations of R on the outer surface of C, B,
and A, respectively. Because Reaction 1 is also diffu-
sion-controlled, Cy, can be regarded as zero. Assum-
ing no consumption of R during the diffusion process,
we can presume Fre = Frg. From Equations 6 and 7,
we obtain

Cr1 = DrcCro/[Drh1/(hs — hy) + Drcl @®)
Substituting Equation 8 into Equation 7 gives
FRB = DRBDRCCRO/[(DRB - DRC)hl + DRBh2] (9)

Because the thickening rate of product B is also pro-
portional to the flux of R through B, we obtain

dh
——2 = m, Frp

dr
= myDrpDrcCro/[(Drs — Drc)hy + Drgha]  (10)

where m, is a constant. Substituting Equation 5 into
Equation 10 and integrating Equation 10 results in

hy = s,t*/? (11a)
where
52 = (2m1DocCaqo)'/*(1 — DrpDyc)
+ (2mDocCqo(1 — Dgp/Drc)?
+ 2m;DgpCro)'’? (11b)



Reaction fractions x and y can be expressed in terms of
the volume fraction of the product layers. Therefore,
we have

x=Vg+V/Vo=1—[ro — hy)fro]> (12)
and

y=Vc/Vo=1—[(ro — hl)/’”o]3 (13)

where V and r, are the original volume and radius of
sphere A, Vg and V¢ are the volumes of B and C,
respectively. Substitution of Equations 5 and 11 into
Equations 12 and 13 results in

[1—(1—=x"7 =kt (14)
[1—(1—»"1 =kt (15)

where k; = (s,)%/ré and k, = (s;)?/r3. Consequently,
Equations 14 and 15 can be used to express the rela-
tions between conversions and reaction time for serial
reactions under isothermal conditions. These equa-
tions exhibit a similar form to that of Jander’s equa-
tion [1].

3. Experimental procedure

Proportionate amounts of reagent-grade starting ma-
terials PbO, MgO, and WO; were mixed together
according to the composition of Pb(Mg;,,W;,,)O3
and were ball-milled for 48 h with ethyl alcohol using
zirconia balls in a polyethylene jar. Following drying
in a rotary evaporator under reduced pressure, the
dried powder was used as the starting materials of
Pb(Mg,/,W/5)O3.

In order to understand the reaction Kkinetics, the
mixed powder was uniaxially pressed into pellets un-
der 196 MPa and heated under isothermal conditions.
The pellets were rapidly put into a pre-heated furnace
set at the desired temperature (from 500-600 °C) for
a certain period of heating time. Then the pellets were
pulled out from the hot zone and quenched in air. The
compounds present in the heated specimens were
identified via X-ray powder diffraction (XRD) analysis
using CukK, radiation. The actual content of ecach
phase present in the specimens was determined by the
internal standard method. For obtaining the calib-
ration lines, different ratios of silicon powder and each
single species were mixed and analysed using X-ray
diffraction. The ratio of the intensity of the major
diffraction peak of silicon to that of the single phase,
I;/I;, was plotted against the weight ratio, W;/Wy;.
Then the proportional factors of the intensity ratio to
the weight ratio were applied to calculate the conver-
sion of the serial reactions. Microstructure and chem-
ical composition of specimens were studied via
a scanning electron microscrope (SEM) coupled with
energy dispersive X-ray spectroscopy (EDS).

4. Results and discussion

4.1. Isothermal reactions of Pb(Mg12W;/2)O3
The starting materials of Pb(Mg;,,W,,)O; were iso-
thermally heated at temperatures ranging from
500-600 °C for various heating times. The representa-
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20 (deg)

Figure 2 X-ray diffraction patterns of the starting materials of
Pb(Mg;,,W,,,)O3 heated at (a) 500°C and (b) 600°C for various
reaction times. () Pb(Mg,,,W,,,)O3, (A) PbWO,, (®) Pb,WOs.

tive XRD patterns of the specimens heated at 500 and
600 °C are illustrated in Fig. 2a and b, respectively.
In addition, the relative contents of each phase present
in specimens versus reaction time are summarized in
Fig. 3 to indicate the formation diagrams at various
temperatures. The relative content of each phase was
calculated from the ratio of the intensity of the major
diffraction peak of each phase to the sum of the
intensity of the major peak of all phases present in
specimens. Fig. 2a indicates that, after the specimens
were heated at 500°C for a short period, a large
amount of PbWOQO, and a small amount of Pb,WOj5
and Pb(Mg;,,W,,,)O3 were formed; however, no WO;
was found. In the mixtures of the starting materials of
Pb(Mg,,,W,,)O3, WOj3 is the limiting species; hence,
once WOj; is entirely consumed, the formation of
PbWO, can be considered to be complete. Therefore,
in the following analysis, only the reactions for the
formation of Pb,WOs and Pb(Mg;,,W,,)O3 need to
be analysed.

Fig. 3a shows that during the isothermal reaction at
500 °C, the amount of PbWO, decreased and that of
Pb(Mg;,,W1,,)O; increased with the increasing reac-
tion time. The amount of Pb,WO5 increased at first in
a short reaction period and then reduced. This phe-
nomenon implies that the Pb,WO;s formed in the
initial stage of the reactions was consumed later, and
the formation process of Pb,WO5 will complete with
its consumption process. At 550 and 575°C, the
formation diagrams (see Fig. 3b and ¢) were similar to
that at 500 °C. During the 600 °C reaction, the amount
of Pb,WO5; monotonically reduced with reaction
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Figure 3 Relative contents of products formed in the isothermal
reactions for the starting materials of Pb(Mg;,,W,,)O3 heated at
(a) 500°C, (b) 550°C, (c) 575°C, and (d) 600 °C. (A) PbWOy,, (O)
Pb,WOs, (J) Pb(Mg,,W,5)O5.

time. In addition, the amount of Pb, WOs at the initial
stage at 600°C was significantly higher than that at
the other three temperatures. In the examined temper-
ature range, when the reaction temperature rose, the
final content of Pb(Mg;,,W,,,)O3 after 60 min sub-
stantially increased. When the temperature was elev-
ated from 500°C to 600°C, the Pb(Mg;,,W;,2)O3
yield increased from 40% to 70%. On the contrary,
the amount of residual PbWO, after 60 min was
greatly reduced with the reaction temperature.

In order to ensure whether or not the reaction
system of Pb(Mg,;,,W;,,)O; is unidirectional-
diffusion, the experiments of the diffusion couples for
PbWO,—PbO and Pb,WOs;-MgO were carried out.
Pure PbWO, was pressed with PbO under 196 MPa
to form pellets, and so were pure Pb,WO5 and MgO.
These pellets were heated at 600 °C for 2 h and ana-
lysed by SEM and EDS. The microstructures of the
boundary of the heated pellets are shown in Fig. 4a
and b. After 600 °C heating, on the PbO side in the
PbWO,—PbO couples, only a trace of tungsten was
detected. However, on the other side, the atomic ratio
of Pb:W was approximately 2:1, implying that
Pb,WOs was formed (as shown in Fig. 4a). This
confirms that the lead species unidirectionally diffuses
into the PbWO, to form Pb,WOs, and the counter-
diffusion of tungsten into the PbO can be neglected. In
the Pb,WOs—MgO couples, only a small amount of
lead and tungsten was detected on the MgO side,
whereas on the boundary of the Pb,WOj; side, EDS
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Figure 4 Scanning electron micrographs of the diffusion couples of
(a) PbO-PbWO, and (b) MgO-Pb,WOj; heated at 600 °C. PMW
Pb(Mg;,2W1/5)05.

results indicated that Pb(Mg,;,,W,,)O; was formed.
These results imply that MgO unidirectionally diffuses
into the Pb,WOs layer to form Pb(Mg;,,W;,,)O3,
and the opposite diffusion of lead and tungsten species
into the MgO layer can be disregarded.

4.2. Reaction kinetics of Pb(Mg1,2,W/2)O3

In order to analyse the reaction kinetics, the conver-
sion of each reaction first has to be calculated. The
formation of Pb(Mg;,,W;,,)O; can be described
through the following two reactions

PbWO, + PbO — Pb,WOs (16)
1—x 1—x X—y
Pb,WO; + MgO — 2Pb(Mg; 2, W,,,)03 (17)
X—y 1—y 2y

Using the similar definition of x and y in Equations
1 and 2, x is defined to be the consumption fraction of
PbWO, in Equation 16, and y as that of Pb,WOs5 in
Equation 17. We also define u; and u, as the molar
ratios of Pb(Mg;,,W;,)O; to Pb,WOs, and Pb,WO5
to PbWO,, respectively. Then u; and u, can be ex-
pressed as

uy = pr(Mgl‘,zwl,,2)03/przwo5

= (pr(Mgl,zwl,z)og/ M Pb(Mngm)Og)/ (Wszwos/ Mpy,wo.)

and (18)

Uy = przwos/Nwao4

= (Wszwos / M szwos)/ ( Wwao‘t/ M wao) (19)
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Figure 5 The intensity ratio of each phase to silicon versus the
weight ratio of that phase to silicon. () Pb(Mg;,,W,,5)O3, (O)
Pb,WOs, (A) PbWO,.

where N;, W; and M; are the mole number, weight,
and molecular weight of the species i. Using the inter-
nal standard method, the relation between the diffrac-
tion intensity ratio of each phase to silicon and the
weight ratio of that phase to silicon was obtained. As
illustrated in Fig. 5, the proportional factors of the
diffraction intensity ratio to the weight ratio for
PbWO,, Pb,WOs, and Pb(Mg; ,W;,,)O; were deter-
mined, respectively, as

Ipvwo,/Isi = 2.51 Wppwo,/Wsi (20)
Ipo,wo,/Isi = 0.99Wpy, wo /Wi (21)

Ipbvg, ;w,00./Isi = 1.63Webmg, ,w, 0./ Wi (22)

Substitution of Equations 20, 21, and 22 into Equa-
tions 18 and 19 gives

uy = 1~1SIPb(Mgl‘ZWLQ)OJ/IPbZWO5 (23)
uy = 1.70Ipy,wo./Ipbwo, (24)

From the definition of x and y in Equations 16 and 17,
we can  write that u; =2y/x—y), and
u, = (x — y)/(1 — x). Therefore, x and y can be ex-
pressed in terms of u; and u, as below

X = Quy + ugus)/(2 + 2uy + ugu,) (25)
V= ugu/(2 + 2uy + uquy) (26)

According to the results in Fig. 3, the values of u; and
u, at each reaction time and temperature were cal-
culated using Equations 23 and 24 at first, and then u,
and u, were substituted into Equations 25 and 26 to
obtain x and y. Figs 6 and 7 illustrate the relation of
the conversions x and y with time at different temper-
atures, respectively. Both x and y increased with an
increase in reaction time and reaction temperature.
Once the temperature reached 600 °C, the conversion
x approached an equilibrium value of 0.97 after
a short period of reaction time. This implies that the
transformation of Pb,WO5 from PbWO, was nearly
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Figure 6 Variation of the conversion x versus reaction time at
various temperatures ((J) 500 °C, (O) 550 °C, (A) 575 °C, (V) 600 °C.

0.8 -

0.6 -

0.4

0.2 -

| R TR AU T NN T SRR
0 10 20 30 40 50 60
Time (min)

Figure 7 Variation of the conversion y versus reaction time at
various temperatures: ((J) 500 °C, (O) 550 °C, (A) 575 °C, (V) 600 °C.

complete. After reaction at 600°C for 60 min, the
value of y approached 0.72.

Because the conversion x at 600°C reached an
equilibrium value after a short reaction period, these
equilibrium states were not suitable for kinetic analy-
sis. Therefore, we only substituted the conversion x at
500, 550, and 575°C into Equation 14. The obtained
results are illustrated in Fig. 8. As shown in this figure,
the function of [1 — (1 — x)'/3]? indicated a good lin-
earity with reaction time at all temperatures, revealing
the validity of Equation 14 for the reaction kinetics in
Pb(Mg;,2W,,,)O3. The slopes of the lines in Fig. 8 in-
creased as the reaction temperature rose. However,
based on Equation 14, the value of the slope contains
a complex function of diffusion coefficients and con-
centrations; therefore these slopes could not be used as
a basis for calculating the activation energy of the
reaction.
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Figure 8 Plot of the function [1 — (1 — x)'/3]? versus reaction time
at various temperatures: ((J) 500 °C, (O) 550°C, (A) 575°C.
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Figure 9 Plot of the function [1 — (1 — y)!/*]? versus reaction time
at various temperatures: ((J) 500 °C, (O) 550°C, (A) 575°C, (V)
600 °C.

Fig. 9 shows the function of [1— (1 — y)¥/3]?
plotted against reaction time for the reaction temper-
atures ranging from 500-600 °C. This figure reveals
that there is a remarkable linear dependence of
[1—(1—y)!]? on reaction time. According to
Equation 15, the slopes of the straight lines in Fig. 9
are k,. Because k, = s1/r§ and s; = (2m;DocCoo)'’?
(from Equation 5), k, = (2m;DocCqo)rg. The gene-
ral expression for diffusion coefficient can be ex-
pressed as

D =Dyexp(— E/R/T) 27)

where D, is a temperature-independent constant,
E the activation energy for diffusion, R the gas con-
stant, T the absolute temperature. Because the other
terms except Dqoc in k, are temperature-independent,
the slope in the plot of In(k,) against the reciprocal of
the absolute temperature can obtain the activation
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Figure 10 Plot of In k, versus 1/T for the reaction kinetics of
Pb(Mg;,,W;,,)O03.

energy of diffusion. Fig. 10 illustrates the plot of In(k,)
versus 1/T. This figure shows that a straight line was
obtained. From the slope of this line, the activation
energy was calculated to be 161.7 kJ mol ~ !. This value
indicates the energy barrier for MgO to diffuse into
the Pb(Mg;,,W;,,)O3 layer. Consequently, the above
results of Figs 8 and 9 confirm that the kinetic equa-
tions derived in Section 2 can sufficiently analyse the
reaction kinetics for the serial reactions in the forma-
tion of Pb(Mg;,2W;,,)O3.

It is noted that in the initial reaction the amount of
Pb,WO; was low at temperatures lower than 600 °C;
however, its amount increased at 600 °C. From Equa-
tions 16 and 17 it can be found that the formation of
Pb,WO;5 from PbWO, competes with the consump-
tion of Pb,WOs for forming Pb(Mg;,,W;,,)O;. Be-
low 600°C, the reaction rate for the formation of
Pb,WOs; (Equation 16) was lower than that for the
consumption of Pb,WO; (Equation 17). Therefore, as
long as Pb,WOs is formed, the rapid formation of
Pb(Mg;,,W;,,)O; will consume Pb,WOs in a short
period, which results in the residual amount of Pb,WO5
being small. Nevertheless, at 600 °C, the formation
rate of Pb,WO; (Equation 16) is greater than that of
Pb(Mg;2W,,,)O; (Equation 17); hence, a large
amount of Pb,WO; remains in the specimens.
Because the reaction rate of Equation 16 increases
more than that of Equation 17 at high temperatures,
the temperature effect on Equation 16 is more pro-
minent.

5. Conclusions

For the reactions occurring in series: A + R — B and
B + Q —» C, a multiple core-shell model was pro-
posed. Based on the definition for the consumption
fractions of A and B (x and y, respectively), the correla-
tions between the consumption fractions and the reac-
tion time under isothermal conditions were
theoretically deduced to be [1 — (1 — x)13]? = k;t
and [1 — (1 — )'/3]? = k,t. The sequential reactions



of PbWO, + PbO — Pb,WOs and Pb,WO5 + MgO
— Pb(Mg;,,W;,,)O3 in the formation processes of
Pb(Mg;2W,,,)O; were utilized to be the model
system. From the diffusion-couple experiments, the
unidirectional diffusion of PbO into PbWO, to
form Pb,WOQO;5 and that of MgO into Pb,WOs to
generate Pb(Mg;,,W;,,)O; were verified. Based on
the obtained results, the derived functions of x
and y displayed a remarkably linear dependence
with reaction time, which confirmed the validity of
the above kinetic equations. In addition, the activa-
tion energy for the diffusion of MgO into Pb,WO;
was estimated to be 161.7 kJmol~!. The proposed
model and equations were confirmed to elucidate
accurately the kinetics of the serial solid-state
reactions.
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